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Large-eddy simulations (LES) combined with Partially Stirred Reactor (PaSR) 
combustion model are employed to investigate the turbulent mixing, combustion mode 
and flame stability of a sonic hydrogen jet injecting into high-enthalpy supersonic cross-
flow at three momentum flux ratios J, i.e. 0.71, 2.11 and 4.00, respectively. The LES 
accuracy in terms of the turbulent kinetic energy, power spectra density and sub-grid 
Damköhler number is carefully addressed against various LES resolution criteria and the 
experimental mean pressure distribution on the upper wall. The ignition processes with 
auto-ignition and shock compression effects are identified and analyzed. At J = 0.71, the 
shock-induced ignition occurs behind the reflected shock wave and the combustion heat 
release is dominated by the premixed combustion. While for the high jet to cross-flow 
momentum flux ratios, e.g., J = 2.11 and 4.00, ignition happens toward around the jet 
orifice due to the strong bow shock and reflected shock effects and the combustion heat 
releases are dominated by the non-premixed combustion. Furthermore, the mechanisms 
of flame stabilization, local extinction and re-ignition in the transverse jet combustion in 
supersonic cross-flow are further analyzed with the chemical explosive mode analysis 
(CEMA).  
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𝐶𝑝 = mixture specific heat at constant pressure, J/(kg·K) 
Dm      =       diffusivity, m2/s 
D = diameter of jet orifice, m 
Da = Damköhler number 
e = internal energy, J/kg 
E = total energy, J/kg 
hs = sensible enthalpy, J/kg 
L = axial length of computational, m 
Ma = Mach number 
N = Number of points 
P = static pressure, Pa 
Pr = Prandtl number 
𝑟 = distance from the center of jet orifice, m 
𝑟0  = jet radius, m 
R = mixture gas constant, J/(kg ⋅ K) 
Re = Reynolds number 
𝑆𝑐  = Schmidt number 
T = gas temperature, K 
𝐻 = enthalpy flux 
J = jet to cross-flow flux ratio 
k = turbulent kinetic energy, J 
u = gas velocity, m/s 
U = mean velocity of cross-flow, m/s 
𝑈𝑗  = mean velocity at the center of the injection orifice, m/s 
Y = mass fraction 
y+ = dimensionless wall distance 
x, y, z = spatial coordinate 
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?̇?  = source terms 
𝜇 = dynamic viscosity, kg/(m ⋅ s) 
𝜐 = kinematic viscosity, kg/(m ⋅ s) 
𝑣 , = sub-grid velocity fluctuation, m/s 
 = dissipation rate of turbulent kinetic energy, m2/s3 
∆ = LES filter, m 
𝜆 = molecular thermal diffusivity, m2/s 
𝜃0 = initial momentum thickness, m 
𝜏𝑐 = chemical reaction time, s 
𝜏∗ = sub-grid turbulent mixing time, s 
𝜏Δ = sub-grid time scale, s 
𝜏𝑘 = Kolmogorov time scale, s 
𝛿𝑙 = laminar flame thickness, m 
𝑠𝑙 = laminar flame speed, m/s 
𝜌 = density, kg/m3 
Subscripts 
sgs  = quantity related to sub-grid scale 
t  = turbulent 
i, j  = Cartesian components of a vector 
m  = index for species 
T  = temperature 
RES  = resolved 
HRR  = heat release rate 
x, y, z  = spatial coordinate 
F  = fuel 
O  = oxidant 
Superscripts 







Transverse jet in supersonic cross-flow (JISCF) is one of the most fundamental flow phenomena in 
supersonic combustion chambers [1–5], such as the actual flight vehicle Hyshot II [6,7] and the supersonic 
combustion experiments by Gamba et al. [8,9]. In JISCF combustion chambers, there exist complex shock train, 
flame, turbulence and boundary layer interactions [6–15]. In addition to auto-ignition due to high-enthalpy and 
shock aerodynamic heating, local extinction caused by turbulent small-scale vortex and re-ignition, there is also 
strong coupling between the density, pressure, temperature and velocity. The change in density is not only due to 
the exothermic heat release of the combustion chemical reaction, but also the viscous compression of the 
supersonic flows. Therefore, the JISCF combustion is a great challenge, and fundamental understanding about the 
mixing, combustion and flame stabilization at supersonic regime is still limited [16,17]. 
The main shock waves and flow structures of a sonic jet in supersonic crossflow [10] are illustrated in Figure 
1. The bow shock wave and the recirculation zone upstream of the jet orifice contribute to auto-ignition and flame 
anchoring for higher jet to cross-flow flux ratio [10,18], which is defined as 𝐽 = ρjUj
2 ρ∞U∞
2⁄ . The distributed 
reaction zone along the horseshoe vortex region is also observed for the higher jet to crossflow flux ratios [10]. 
However, for lower jet to cross-flow flux ratio, the flame cannot be anchored in the upstream recirculation zone 
of the jet orifice and the region after the relatively weak bow shock due to low temperature after the bow shock. 
In the meantime, the flame appears to be lifted up and stabilized within the wake of wall boundary layer 
downstream of the jet orifice [10]. LES studies of the HyShot II combustor by Fureby et al. [19,20] showed that 
auto-ignition of longitudinal oscillation was observed between 30D and 60D downstream of fuel jet orifice due 
to the intermittent “hot spot” phenomenon. The flame structure is very different from that in the low-speed 
combustors [17]. The results of Ben-Yakar [18] suggested that auto-ignition firstly appeared in the recirculation 
zone upstream the hydrogen jet and the flame extended along the outer boundary of the jet plume, while local 
extinction phenomenon was observed at the interface between the fuel jet plume and supersonic cross-flow just 
downstream of the jet orifice. Gamba et al. [8,21] studied supersonic transverse jet combustion with a compression 
ramp at the combustor inlet to generate a shock train in the combustor chamber. The shock train interacts with the 
hydrogen jet mixing layer by shock compression and heating, which provides a mechanism of flame stabilization. 
Experimental study of Mai et al. [11] demonstrated that the existence of an oblique shock in supersonic transverse 
5 
 
jet combustion can increase the reaction area and the recirculation zone downstream of fuel jet orifice, which 
increased the flow residence time, and thus contributed to the flame stabilization.  
 
Fig. 1 Schematic diagrams of a transverse jet in supersonic crossflow: (a) side-view; (b) three-dimensional 
view of the flow field features [10]. 
Luo et al. [22] analyzed the direct numerical simulation (DNS) results of supersonic jet combustion using 
the Takeno flame index (TFI) combined with the heat release rate, indicating that there were both premixed and 
non-premixed combustions in the supersonic jet combustion. The CEMA was used by Fureby et al. [23] to study 
supersonic combustions in a strut injector, suggesting that combustion in two-stage injection struts consists of 
auto-ignition zones enfolded by auto-igniting fronts embedded in a background of non-premixed flames. Moule 
et al. [24] used LES combined with Partially Stirred Reactor (PaSR) combustion model to study supersonic jet 
combustion where the flame was found to anchor at the beginning of a shock diamond. The very large pressure 
gradient and heat release rate in the flame stabilization region indicate that there is a strong coupling between 
shock compression and combustion. Although it is thought the mixing process mainly dominants the supersonic 
combustion process [2,3], several numerical studies [22,24–28] suggest that there exists partially premixed flame 





the flame mechanism in supersonic combustion is mainly distributed reaction zone and thin reaction zone 
[9,10,29,30]. In the supersonic transverse jet combustion, the flame near the wall is a distributed reaction zone 
regime, while the combustion in the shear layer is a thin non-premixed reaction layer [10]. Moreover, the 
interaction between various scale turbulence structures in the distributed reaction zone regime make the 
combustion flame mode much more complex [31].  
However, the fundamental understanding of JISCF combustion about the mixing, combustion and flame at 
supersonic regime is very limited [16,17], which motivate the current work. The experiments of supersonic 
transverse jet combustion by Stanford University [8,21] have been numerically studied by some researchers 
[14,27,32–34], but most of them are mainly concerned with testing the turbulent compressible combustion models, 
whereas details of the flame stability and mixing mechanism with different jet to cross-flow flux ratios are not 
enough. Based on experiments of the supersonic transverse jet combustion [8,21], LES combined with PaSR 
combustion model is used to study turbulent mixing and combustion processes of transverse sonic jet in supersonic 
cross-flow at three jet to cross-flow flux ratios. The PaSR model estimates the filtered reaction rate directly with 
the filtered quantities, thereby neglecting the interactions between combustion and turbulence at the sub-grid scale. 
When a fine mesh is used to ensure the sub-grid scale Damkohler number (𝐷𝑎𝑠𝑔𝑠) less than unity [35][24][36], 
the multiple physics of high-speed combustion, such as auto-ignition and shock / flame interactions, can be 
captured by using the PaSR model. The CEMA method proposed by Lu et al. [37] is utilized to identify typical 
combustion modes in the combustor. In addition, due to the existence of the shock train generated in the scramjet 
engine combustion chamber, the interaction between the jet flame and the shock waves are investigated to deepen 
the understanding of the flame stabilization mechanism and the complicated mixing and combustion processes. 
The rest of the paper is organized as follows: in Section 2, physical model and numerical method are presented. 
The numerical results are presented and discussed in Section 3. Finally, the main conclusions drawn from our 
work are summarized in Section 4. 
II. Physical Model and Numerical Methods  
A. Physical model 
Figure 2 shows the schematic of the high-enthalpy hydrogen JISCF combustor, similar to the experimental 
setup at Stanford University [8,21]. The supersonic oncoming freestream air, with Mach number of 2.8, has a high 
static temperature of Ta = 1200 K. The perpendicular wall sonic fuel jet enters the supersonic stream and interacts 
with the high-enthalpy supersonic cross-flow. The injection orifice with a diameter of D = 2 mm is located at 70 
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mm downstream the cross-flow inlet. The inlet height of the combustor is 23 mm. The compression ramp has a 
convergence angle of 10o to generate a shock train. The height of constant area section is 15 mm in the y-direction 
with a span of 75 mm in the z-direction. The jet to cross-flow momentum ratio, J, is equal to 0.71, 2.11 and 4.0, 
respectively, to investigative the supersonic transverse hydrogen jet combustion process in the present study. The 
detailed flow conditions of the oncoming air stream and the hydrogen jet are given in Table 1. 
 
Fig. 2 Schematic of the JISCF combustor. 
Table 1 Inflow conditions of the hydrogen jet and the air stream. 
Case Ma P/kPa T/K Y(H2) Y(O2) Y(N2) 
J = 0.71 1.0 225 250 1.0 0 0 
J = 2.11 1.0 668.25 250 1.0 0 0 
J = 4.00 1.0 1286.3 250 1.0 0 0 
Air 2.8 40 1200 0 0.232 0.768 
B. Numerical methods 
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 ?̅? = ?̅?𝑅(?̃?𝑚)𝑇,̃ (5) 
where, ?̅?, ?̃?𝑗 , ?̃?𝑚 , ?̅? and ?̃? are filtered density, velocity, mass fraction of species m, pressure and temperature, 
respectively. 𝐷𝑚 in equation (4) is the molecular mass diffusivity, and is calculated through 𝐷𝑚 = 𝜆 𝜌𝐶𝑝⁄  with 
unity Lewis number assumption. 𝜆 is the molecular thermal conductivity, and estimated using the Eucken 





 is the dynamic viscosity by using 
Sutherland's law. Here 𝐴𝑠 = 1.67212 × 10
−6  kg/m ∙ s ∙ √𝐾 is the Sutherland coefficient, while 𝑇𝑆 = 170.672 
K is the Sutherland temperature.  𝐶𝑣 is the heat capacity at constant volume and derived from 𝐶𝑣 = 𝐶𝑝 − 𝑅(?̃?𝑚). 
Here 𝐶𝑝 = ∑ ?̃?𝑚𝐶𝑝,𝑚
𝑀
𝑚=1  is the heat capacity at constant pressure, and 𝐶𝑝,𝑚 is estimated from JANAF polynomials 
[39]. 𝑅(?̃?𝑚) is specific gas constant and is calculated from 𝑅(?̃?𝑚) = 𝑅𝑢 ∑ 𝑌𝑚
𝑀
𝑚=1 𝑀𝑊𝑚
−1 . 𝑀𝑊𝑚  is the molar 
weight of m-th species and 𝑅𝑢 is universal gas constant. The filtered viscous stress ?̅?𝑖𝑗  is defined based on the 
Eddy viscosity hypothesis as 
 













) is the strain rate tensor and 𝛿𝑖𝑗 is the kronecker operator.  The filtered total energy is  
 




2 + 𝑘𝑠𝑔𝑠 , (7) 




2 is resolved kinetic energy and 𝑘𝑠𝑔𝑠 is the sub-grid kinetic energy. 
The ℎ̃𝑠 in the equation of internal energy is sensible enthalpy, expressed as 
 






The reaction source term in the filtered energy equation (4) is 
 ?̇?𝑇̅̅ ̅̅ = ∑ ?̇?𝑚̅̅ ̅̅ ∆ℎ𝑓,𝑚
𝑜𝑁
𝑚=1 . (9) 
All the sub-grid scale terms, denoted by superscript “sgs” in the governing equations (1) - (4), are closed by 
the Wall-Adapting Local Eddy-viscosity (WALE) model [40,41]. The sub-grid enthalpy flux 𝐻𝑠𝑔𝑠 and the sub-
grid viscous work 𝜎𝑠𝑔𝑠 in Eqs. (3) are closed as 













where the sub-grid kinetic energy and viscosity are modelled by 𝑘𝑠𝑔𝑠 = (𝐶𝑤
2 ∆2 𝐶𝑘⁄ )
2(𝑂𝑃̅̅ ̅̅ )2 and  𝜇𝑡 = (𝐶𝑤∆)
2𝑂𝑃̅̅ ̅̅ , 
in which 𝐶𝑘 and 𝐶𝑤 are constants and take the values of 0.094 and 0.325 respectively [40]. ∆= √∆𝑥∆𝑦∆𝑧
3  is the 










5 4⁄  and 𝑆𝑖𝑗
𝑑 = ?̃?𝑖𝑘 ?̃?𝑘𝑗 + ?̃?𝑖𝑘?̃?𝑘𝑗 −
1
3
𝛿𝑖𝑗[?̃?𝑚𝑛?̃?𝑚𝑛 + ?̃?𝑚𝑛?̃?𝑚𝑛], in which ?̃?𝑖𝑗  is 
the anti-symmetric part of 𝛻?̃?. And 𝜏𝑖𝑗
𝑠𝑔𝑠
=   𝜇𝑡(2?̃?𝑖𝑗 −
2
3
𝛿𝑖𝑗 ?̃?𝑘𝑘). The turbulent Prandtl number is set as 𝑃𝑟𝑡 = 0.9 
[42]. The sub-grid scalar stresses are approximated using an eddy-diffusivity model, which is written as, 
 𝜏?̃?𝑚
𝑠𝑔𝑠
= ?̅?(𝑢𝑖𝑌?̃? − ?̃?𝑖?̃?𝑚) = −?̅??̃?𝑡𝛻?̃?𝑚 , (11) 
where ?̃?𝑡 is the turbulent diffusivity modeled as  ?̅??̃?𝑡 = 𝜇𝑡 𝑆𝑐𝑡⁄ , The turbulent Schmidt number is set as 𝑆𝑐𝑡 = 0.7 
[42].  
The Partially Stirred Reactor (PaSR) model [43][44] is used to model the supersonic turbulent combustion, 
which has been successfully applied to the simulations of turbulent combustion in scramjet engines [19,20,45,46]. 
In the PaSR model, it is assumed that the reacting flow is composed of reacting fine structures and the 
surroundings dominated by the large scale structures [43]. The ratio of the fine reacting structures volume to the 





where, 𝜏𝑐 = 𝛿𝑙 𝑠𝑙⁄ ≈ 𝑣 𝑠𝑙
2⁄  and 𝜏∗ = √𝜏Δ𝜏𝑘  denote the chemical reaction time and subgrid turbulent mixing time, 
respectively. Here, 𝛿𝑙 is the laminar flame thickness and 𝑠𝑙 is the laminar flame speed. 𝜏Δ = Δ 𝑣
,⁄  is the sub-grid 
time scale and 𝜏𝑘 = (𝜈⁄ )
1 2⁄  is the Kolmogorov time scale, where 𝑣 , = √2𝑘𝑠𝑔𝑠 3⁄  is the sub-grid velocity 
fluctuation, 𝜈 is the laminar kinematic viscosity and = 𝑣 ,3 Δ⁄  is the sub-grid dissipation rate. It should be noted 
that there are many available options to estimate the chemical time scale, and here we follow the recent 
computational investigation performed with the same formulation [24][43]. Moreover, as in Refs. [24][43], the 
filtered reaction rate ?̅̇?𝑚 can be approximated as ?̅̇?𝑚 ≈ 𝜅?̅̇?𝑚
∗ , where ?̅̇?𝑚
∗  is the quasi-laminar chemistry reaction 
rate based on the filtered variables. It can be seen that this time scale is only to obtain an approximate value for 
the fine structure volume fraction 𝜅. Based on the formulation of 𝜅, one can see that if the mesh is fine enough, 
the PaSR model can be seen as a quasi-laminar chemistry model with sufficiently small subgrid turbulent mixing 
time, i.e. 𝜅 → 1. 
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A chemical kinetics model [47] of 9 species (H2, H, O2, O, OH, HO2, H2O2, H2O & N2) and 19 reaction steps 
for hydrogen/air combustion is adopted to describe the combustion process. The mechanism is validated by 
comparing the laminar flame speed, ignition delay time and extinction strain rate with previous experimental data 
[48–50]. Good agreement has been achieved as seen in Fig. 3. Besides, this mechanism has also been validated in 
the previous work on rotating detonation simulations [51] and used in other previous investigations for supersonic 
combustion [24,44]. 
 
Fig. 3 Comparison of (a) ignition delay time, (b) laminar flame speed and (c) extinction strain rate from present H2-air 
mechanism with previous experimental data [48–50]. 
The governing equations, i.e. Eqs. (1) ‒ (4), are discretized with cell-centered finite volume method and 
solved by a density-based solver, which is developed from the fully compressible non-reactive flow solver 
rhoCentralFoam in the framework of OpenFOAM [52]. The convective fluxes are reconstructed using a second 
order (flux limiter-based) TVD scheme and the viscous diffusion fluxes are implemented using the second order 
central differencing scheme. An explicit modified fourth order Runge-Kutta scheme with low storage requirement 
[53] is used for time integration. The marching time-step is adjusted according to Courant number under 0.25 to 
capture the unsteady flow field structure. The solver has also been validated in our previous simulations of sonic 
injection from circular injector into a supersonic cross-flow [54,55]. In addition, for each case, the time-averaging 
is performed with six flow through times (6L/U), before which each case is run for four flow through times (4L/U) 
to ensure the statistical convergence, where L is the axial length of computational domain and U is the mean 
velocity of cross-flow. 
Three sets of computational mesh, the coarse, middle and fine, with 4.8, 26.52 and 85 million cells, 
respectively, are used for the mesh sensitivity analysis. Figure 4 shows the schematic of the grid in the central 
plane and normal y-direction plane. Hexahedral meshes are utilized with O-type employed for the fuel injection. 
In order to improve numerical accuracies, mesh refinement is performed near the wall and the injection orifice to 
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 Mechanism used in present work(b)


























Extinction strain rate (s-1)
 Exp. data from Juniper et al. (2003)
 Mechanism used in present work(c)
11 
 
yield y+ ≤ 1 for the first grid adjacent to the wall for the fine mesh. More detailed information of the mesh can 
be seen in table 2. 
 
Fig. 4 Schematic of the grid on the central plane and normal y-direction plane. 
Table 2 Detailed information of mesh. 
Mesh 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 Total number 𝑦
+ of up wall 𝑦+ of down wall 
Coarse mesh 401×61×201 4.8 million 2.4 ~ 4.3 1.3 ~ 3.7 
Middle mesh 651×121×341 26.52 million 0.8 ~ 2.1 0.5 ~ 1.4 
Fine mesh 1001×171×501 85 million ≤ 1 ≤ 1 
The supersonic crossflow and sonic jet boundary conditions are set as fixed value based on the parameters 
provided in Table 1. The supersonic crossflow and jet inlet are specified with the first type of boundary condition. 
Due to the high-speed flow through the combustion chamber, an adiabatic no-slip wall boundary condition is 
employed at walls. For the outlet boundary, a non-reflection condition is utilized to avoid spurious wave 
reflections from the outlet boundary towards the upstream region, in which the boundary value is determined by 






+ 𝐮 ∙ ∇𝜙 = 0, where 𝜙 is the boundary value and u is the velocity vector. A 
periodic boundary condition is applied in the span-wise boundaries. The crossflow inlet mean velocity profile is 
taken from an additional three-dimensional RANS simulation [56,57]. The turbulence perturbation is specified 
using white noise with 5% intensity for all cases since the turbulence flow statistics are not measured in the 
experiments [21]. Note that the crossflow inlet is located at 35D upstream of the fuel jet, which means that the 
turbulent random velocity fluctuations added would have little effects on the flame behaviours with such a long 


















where, 𝑈𝑗  is the mean velocity at the center of the injection orifice, 𝑟 = √𝑦
2 + 𝑧2, 𝑟0  is the jet radius, and the 
initial momentum thickness 𝜃0 is 0.045D [58].  
C. Numerical validation 
According to the work of Pope [59], at least 80% of the total turbulent kinetic energy (TKE) being resolved 














where〈∙〉 represents an ensemble averaging. Fig. 5 shows the distributions of Me with different mesh, which is 
computed using the data where hydrogen exists (YH2 > 0.001) for the fine mesh. It is shown that the probability 
density distributions of grids with the well-established turbulence resolution criterion, i.e. Me < 0.2, are about 
0.97, 0.88 and 0.70 for fine, middle and coarse mesh respectively. Although most grids of the middle mesh meet 
the well-established turbulence resolution criterion, there are still considerable grids (about 12%) that do not meet 
the well-established turbulence resolution criterion. Therefore, the results with fine mesh is used in the section of 
results and discussion. 
 
Fig. 5 Probability Density Distributions of Me with different mesh, (a) J = 0.71, (b) J = 2.11 and (c) J = 4.00. 
 The power spectra density (PSD) provides the turbulence energy spectra, which is widely used to evaluate 
the quality of an LES result [60–62]. Figure 6 shows the PSD of the pressure in the shear layers for each case with 
fine mesh. Moreover, PSD of the streamwise velocity (velocity in the x-direction) in the shear layer for each case 
is shown in Fig. 7. The PSD results in Figs. 6 and 7 yield good agreement with the -5/3 law also indicating that 





















































the effective LES filtering does occur in the inertial subrange region [59]. Therefore, the current LES solver and 
mesh quality are capable to predict the characteristic of large and small resolved structures. 
 
Fig. 6 PSD of pressure in the shear layer, (a) J = 0.71, (b) J = 2.11 and (c) J = 4.00. 
 
Fig. 7 PSD of the streamwise velocity (velocity in the x-direction) in the shear layer for each case with fine 
mesh , (a) J = 0.71, (b) J = 2.11 and (c) J = 4.00. 
On the other hand, the sub-grid Damköhler numbers (𝐷𝑎𝑠𝑔𝑠) proposed by Krol et al. [63] are used to assess 











where, 𝜈𝑡  is sub-grid turbulent viscosity and 𝑠𝑔𝑠 is the sub-grid dissipation. 𝜏𝑐 is the characteristic time of the 
chemistry, which is evaluated as 𝜏𝑐 = 𝛿𝑙 𝑠𝑙⁄ ≈ 𝑣 𝑠𝑙
2⁄  [43]. Note that although there are many options available for 







































































































































































the chemical time scale, it is not easy to estimate the chemical time scale for a relatively complex combustion 
system including non-premixed or partially premixed combustion and as an estimation, here it is assumed based 
on the laminar flame thickness and the laminar flame speed only for the sake of simplicity. If the sub-grid 
Damköhler numbers are much less than 1, the time scale of the chemical reaction is fully solved and the impact 
of sub-grid fluctuations on the filtered chemical reaction source terms can be ignored [35,64]. Fig. 8 illustrates 
the probability density distributions (pdf) of the sub-grid Damköhler number where the instantaneous heat release 
rate is greater than one-thousandth of the maximum heat release rate for each case with different mesh, i.e. fine, 
middle and coarse mesh. It is clear to see that the sub-grid Damköhler numbers of the region where the combustion 
exists are always less than 0.3, with most regions being less than 0.1 for the fine mesh, which suggests that the 
effect of sub-grid fluctuations on the filtered chemical source term can be ignored [35,64]. However, for the results 
of middle and coarse meshes, there would be some effects of sub-grid fluctuations on the filtered chemical reaction 
source term, which may affect the analysis of flame dynamics. 
 
Fig. 8 Probability Density Distributions of the sub-grid Damköhler numbers (𝑫𝒂𝒔𝒈𝒔) with different mesh, (a) J = 0.71, 
(b) J = 2.11 and (c) J = 4.00. 
Furthermore, Figure 9 shows the current predicted and experimental results of mean pressure distributions 
on the upper wall of the combustor. The LES results show a fairly good agreement with the experiments of Gamba 
et al. [8,21]. The results of different grids show a reasonable mesh convergence. Note that the differences between 
the simulations and experiment at x/D > 35 for J = 4 are observed, which may be due to that some extra heat 
transfer such as radiation on the wall is not included in the simulations. The well resolved 80% total turbulent 
kinetic energy, the PSD following a slope of -5/3, the small sub-grid Damköhler numbers, and the mean pressure 
distribution indicate that the current numerical simulation methods and fine mesh are able to provide the reliability 
basis for the next LES analysis. 


































































Fig. 9 Comparison of mean pressure distribution on the upper wall between present simulation and experiments of 
Gamba et al. [8,21] on the central plane, J = 0.71、2.11 and 4.00, respectively. 
III. Results and Discussions  
A. Flame structures and shock waves  
Figure 10 predicts the instantaneous distributions of OH mass fraction and OH-PLIF snapshot by Gamba et 
al. [8,21] in the central plane (z/D= 0). Both experiments and the current results prove that the distance between 
the upper and lower flame OH mass fraction increases with the momentum flux ratio, J. For the lower jet to cross 
flux ratio J = 0.71, there is no obvious flame in the region of x/D < 14 in the experiment [8] and the current study. 
The interaction between the reflecting oblique shock wave from the upper wall and the jet mixing layer increases 
the local temperature, forms the flame from x/D = 14. However, the current predicted flame appears further 
downstream compared with the experiment, which may be due to the fact that the reflected shock wave propagates 
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upstream in the experiment over time [8] or slightly different inlet boundary condition employed in the LES study. 
Moreover, the predicted flame is slightly stronger in the near wall region for J = 2.11 and 4.00, which may be due 
to the slightly different boundary condition with the experiments. Here only one predicted instantaneous structure 
is shown here and the overall predicted OH and experimental OH-PLIF snapshot have similar flame characteristics, 
such as local extinction, shock enhanced combustion of flames, even the similar trend of increasing shear layer 
distance with J. Moreover, the OH* chemiluminescence image of J = 2.11 has been measured in the experiment 
by Gamba et al. [8], and the qualitative comparison between experimental result and the time-averaged distribution 
of OH mass fraction in the central plane (z/D = 0) for J = 2.11 is shown in Fig. 11. The results suggest that some 
phenomena observed in the experiment, such as the flame in the upstream recirculation zone of jet orifice, 
enhanced flame behind the bow shock and reflected oblique shock waves, thin reaction zones and local flame 




Fig. 10 OH-PLIF snapshot by Gamba et al. [8] (top) and the predicted results of instantaneous distribution of OH mass 







Fig. 11 OH* chemiluminescence image by Gamba et al. [8] (top) and the predicted results of mean distribution of OH 
mass fraction (down) on the central plane (z/D = 0) for J = 2.11. 
In addition, the contours of heat release rate and pressure (represented by the solid lines range from 20KPa 
to 800Kpa) in the central plane (z/D = 0) are shown in Fig. 12. A second shock- train, formed by the bow and 
lambda shocks around the hydrogen jet orifice, combines with the combustor inlet shock-train to generate a 
complex three-dimensional shock-pattern along the combustor. From Fig. 12(a), it can be seen clearly that ignition 
of the jet mixing layer appears just after the reflected shock wave. For the higher jet to cross flux ratios J = 2.11 
and 4.00, the flames can be anchored in the recirculation zone upstream of the jet orifice (see Figs. 10b and 10c) 
due to the compression heating by the relatively strong bow shock. The windward-side flames are wrinkled and 
stretched caused by the unstable characteristics of jet shear layer. Upstream of the location x/D ~ 12, the jet 
leeward-side flame is generally localized, intermittent and accompanied by discontinuity due to local flame 
extinction. Similar to the results in J = 0.71, the combustion process in the downstream of interaction region 
between the reflected oblique shock waves and the mixing layer is promoted, followed by a typical thin reaction 
zone as observed by the experiments [8,21]. As seen in Figs. 10 - 12, the combustion after the shock wave is 
obviously enhanced, indicating that the shock waves play an important role in strengthening the combustion heat 
release. Moreover, intense combustion heat release appears near the wall, especially the interaction region 




Fig. 12 Distributions of heat release rate (HRR) and pressure lined-contours (range 20KPa-800KPa) on the central lane 
(z/D = 0), where (a) J = 0.71, (b) J = 2.11 and (c) J = 4.00, respectively. 
In order to further study the relationship between shock wave and heat release rate, an index N introduced 
by Moule et al. [24] is employed and defined as, 
 𝑁 = ∇p ∙ ∇HRR ∙ ‖HRR‖ ‖HRR‖𝑚𝑎𝑥⁄ , (18) 
where, HRR is the heat release rate and ‖HRR‖ ‖HRR‖𝑚𝑎𝑥⁄  is used to figure out the regions of negligible heat 
release. The larger value of N indicates the stronger interaction between the shock and the flame. Fig. 13 provides 
the numerical Schlieren results and logarithmic distributions of the index N in the central plane (z/D = 0). The 
value of N behind the bow shock wave upstream of the jet exit and the reflected shock waves downstream of the 
jet exit is relatively high for all the three cases, which further indicates that shock waves have a strong coupling 
with the combustion. Meanwhile, the ignition induced by the shock occurs behind the reflected shock wave 
downstream of the combustion chamber for J = 0.71. In addition, it is worth noting that the index N in the 
recirculation zone upstream of the jet orifice also has relatively high values. This is mainly related to the adverse 
pressure gradient caused by the supersonic flow encountering the sonic fuel jet upstream of the jet orifice, which 
in turn forms the low-speed recirculation zone and contributes to the flame stabilization. In the supersonic 
transverse jet combustion system, there is a strong coupling between shock compression and heat release rates, 
which in turn causes ignition of the shear layer after shock/mixing layer interaction, as agreed with Moule et. al. 








Fig. 13 Numerical schlieren results and logarithmic distributions of the index N on the central plane (z/D = 0), where 
dark line is the stoichiometric line and (a) J = 0.71, (b) J = 2.11 and (c) J = 4.00. 
B. Ignition process 
In order to study the initial ignition and flame stabilization process of supersonic transverse jet combustion 
after the fuel jet enters the combustion chamber, numerical simulation of the flow field without fuel jet in the 
combustion chamber is firstly performed to reach the statistical steady state (at t0). Fig. 14 shows the distributions 
OH mass fraction and pressure contour on the central symmetry plane (y/D = 0) of t-t0 = 12μs, 20μs, 30μs and 
40μs. For the lower jet to crossflow momentum flux ratio J = 0.71, there is almost no reaction in the combustion 
chamber at t-t0 = 12μs. It can be seen in Fig. 14(a) that the flame appears at the shear layer after the reflected 
shock wave at t-t0 = 20μs. However, the compression heating of the first reflected oblique shock that the fuel jet 
encounters, does not provide stable combustion. As the fuel jet develops downstream (t-t0 = 30μs and 40μs), a 
stable combustion flame begins to appear after the fuel jet undergoes compression heating of the second reflected 
oblique shock wave. For higher jet to crossflow momentum flux ratios, J = 2.11 and 4.00, the fuel ignites 
immediately after entering the combustion chamber, and in the development of the fuel jet downstream; the first 
and the second reflected oblique shock waves act to strengthen the combustion, which can be seen from the 
apparent increase of the OH mass fraction after the shock wave. Therefore, the compression heating after the 
reflected oblique shock wave acts to ignite and stabilize the flame for the lower jet to crossflow momentum flux 
ratios, and to enhance the combustion heat release for higher jet to crossflow momentum flux ratios. 
Averaged heat release rates in the initial ignition and flame stabilization process are plotted and shown in 

















where V is the volume of the combustion chamber and HRR is the heat release rate per unit volume at the time t. 
According to the growth rate of the averaged heat release rate, shown in Fig. 14, the initial ignition and flame 
stabilization process can be roughly divided into the following three stages: 
(I) The initial stage of the fuel jet entering the combustion chamber, 
(II) Rapid growth stage of heat release rate, 
(III) Stabilization stage of heat release rate. 
The corresponding time of the initial stage is approximately at t-t0 = 0 ~ 20μs. Different ignition 
characteristics are observed with different jet to crossflow momentum flux ratios. For J = 0.71, auto- ignition is 
basically impossible, or auto- ignition occurs and flameout occurs immediately, and stable ignition does not occur 
until t-t0 = 20μs (as seen in Fig. 14a). For J = 2.11 and 4.00, auto-ignition and stable flame occur when the fuel is 
injected into combustion chamber, and the averaged heat release rate increases gradually with time. The results 
suggest that the near-field combustion heat release rate is relatively slow with time due to the near-field mixing 
process but significantly affected by the jet to crossflow momentum flux ratios. 
The rapid growth rate of the averaged heat release rate occurs at t-t0 = 20 ~ 60μs, and the overall heat release 
rate increases with the downstream development of the fuel jet. On one hand, as in the initial stage (I), the 
increased contact area of the fuel jet and the supersonic crossflow increases the reaction area, thereby increasing 
the averaged heat release rate. On the other hand, the fuel jet and the flame of this stage will encounter reflected 
shock waves (including the reflected shock train formed by the combustion chamber inlet and the reflection of the 
bow shock), and interact with the reflected shock waves. The combustible mixture in the initial stage is heated by 
these shock waves, which will further promote the chemical reaction after shock waves and accelerate the growth 
rate of heat release at this stage. It can be clearly seen that the growth rate of the overall heat release rate in stage 
(II) is significantly larger than that of the initial stage (I), indicating that the reflected oblique shock wave greatly 
promotes the progress of the combustion chemical reaction. Although the existence of the reflected shock waves 
causes total pressure loss, the accelerated heat release rate can reduce the length of the supersonic combustion 
chamber. 
In the stage (III), the overall heat release rate is stable at a certain value at t-t0 > 60μs. The stable exothermic 
phase occurs at t-t0 > 60μs when the fuel jet flows to the exit of the combustor. At this stage, since the fuel jet 
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flows to the outlet, the combustion in the combustion chamber is stable, and the overall heat release rate is no 
longer increased. However, the steady heat release rate is still significantly affected by the jet to crossflow 
momentum flux ratios. Note that for the three jet to cross flux ratios, the one fuel jet flow through time defined as 
the time when the fuel jet enters the combustor to the outlet is about 60 μs, which is smaller than the one flow 
through time (about 89 μs). 
 
（a）J = 0.71 
 
（b）J = 2.11 
 
（c）J = 4.00 
Fig. 14 Distributions of OH mass fraction and pressure lined-contours (range 20Kpa-800Kpa) on the central plane (z/D 




Fig. 15 Evolution of average heat release rate over time. 
C. Combustion mode analysis 
Takeno Flame Index (TFI) combined with heat release rates is adopted for identification of premixed or non-
premixed mode in the supersonic transverse jet combustion. Takeno Flame Index is defined as [66] 
 TFI = (∇YF ∙ ∇YO) (|∇YF||∇YO|)⁄ , (20) 
where, YF, YO represent the mass fractions of hydrogen and oxidant. Fig. 16 illustrates the probability density 
function of TFI and the conditional average HRR on TFI at two instants, where the HRR is not less than one 
thousandth of the maximum HRR. Here the results of two different times are used to conform the predominant 
contribution mode. Results show that the combustion are mainly dominated by premixed (TFI = 1) and diffusion 
(TFI = -1) combustions, and that the jet to cross-flow momentum ratio has a great influence on combustion mode. 
For the case J = 0.71, the premixed combustion to overall heat release rate is the dominate mode, which is 
consistent with the combustion in low-speed jet in cross-flow combustor [67]. However, the formation mechanism 
of premixed combustion is different from that of low-velocity combustion. Under the condition of supersonic 
transverse jet combustion, strong interactions between the fuel jet, the wall and the cross-flow air can be observed. 
The mixing process is still the key limitation in the near-field combustion, so premixed combustion easily occurs 
in the boundary layer in the further downstream region especially for the lower J with small jet penetration height 
[54]. As seen in Fig. 12, although there are some combustion flames near the wall for the higher jet penetration 
height for J = 2.11 and J = 4.00, most of the combustion heat release rate occur on the boundary of fuel jet plume 
from the near field to the far field. So for the cases with higher jet to flow flux ratios J = 2.11 and 4.00, the 
predominant contribution to the overall heat release rate comes from non-premixed combustion (TFI = -1). 
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(a) J = 0.71 
 
(b) J = 2.11 
 
(c) J = 4.00 
Fig. 16 The probability density function results of the conditional average TFI (black line) and the heat release rates 
(red line), where left is t-t0 = 200𝛍𝐬, right is t-t0 = 400𝛍𝐬. 
D. Chemical explosive mode analysis of flame stabilization 
In the supersonic transverse jet combustion with high enthalpy cross-flow, different jet to cross-flow flux 
ratio has an important effect on the combustion region [10]. The flame starts to anchor in the near field of the jet, 
mainly distributed in the shear layer after the bow shock on the windward side and the upstream recirculation 
zone of the jet and along the horseshoe vortex near the wall for higher jet to cross-flow flux ratio. However, the 
flame for the lower jet to cross-flow flux ratio case cannot anchor in the near field until the ignition by the 
temperature increase from the reflected shocks. In this section, the chemical explosive mode analysis (CEMA) 
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combined with the characteristics of a typical flame is used to analyze the auto-ignition region and the flame front, 
which helps to understand the mechanism of flame stabilization in the supersonic transverse jet combustion. 
Based on the concept of computational singular perturbation (CSP), CEMA method proposed by Lu et al. 
[37] is used to identify typical combustion modes such as ignition, extinction, and premixed flame propagation 
front. According to the local temperature, pressure and species mass fraction, the eigenvalues of the chemical 
reaction source terms in the discretized conservation equations of species and temperature are analyzed. The local 
combustible mixture with the positive real part of eigenvalues Re(λe) > 0 is in chemical explosive mode (CEM), 
indicating the propensity of the mixture to auto-ignite, where λe is the first of the eigenvalues sorted in descending 
order with the real part. If the eigenvalue value is negative, it indicates a location with post-ignition or non-reaction 
mixtures. Re(λe) = 0 indicates the ignition point or premixed reaction front. Furthermore, the quantification 
contributions of species and temperature to the CEM can also be obtained in the CEMA. For turbulent combustion 
flows with complex mixing process, a Damköhler number defined as Da = Re(λe) ∙ 𝜏𝑠 is also proposed [37,68] 
to consider the effects of mixing process, where 𝜏𝑠 = 𝜒
−1 is the mixing time scale and Re(λe) is the reciprocal 
time scale of chemical explosive mode. 𝜒 is the local scalar dissipation rate based on mixture fraction as suggested 
in Ref. [68]. The mixture with Da ≫ 1 is auto-igniting because the mixing process is significantly slower than the 
chemical explosive mode. 
The flame stabilization mechanisms for typical higher jet to cross-flow flux ratios (J = 2.11) and lower jet to 
cross-flow flux ratio (J = 0.71) are discussed as follows. Note that the CEMA of instantaneous fields at different 
times has been performed and similar phenomena are observed for each jet to cross-flow flux ratios respectively. 
Therefore, only one instantaneous field is presented in the following discussions. In addition, the CEMA of jet to 
cross-flow flux ratio J = 4.00 has the similar results with that of J = 2.11 and will be not shown here. 
1) Jet to cross-flow flux ratio J = 2.11 
Figure 17 shows the distributions of temperature, mass fraction of OH, H, HO2, TFI, contribution of radical 
H to the CEM, the logarithmic distribution of Re(λe) and the Da number defined by CEMA in the central plane 
(z/D = 0). The presence of flame can be characterized by the intermediate radical OH and H. In addition, it can be 
seen from Fig. 17 that high HO2 mass fraction is mainly distributed in the fuel-rich side of the hydrogen jet plume, 
which is consistent with DNS results of low-speed hydrogen jet combustion by Lu et al. [37]. Boivin et al. [69] 
pointed out that combining the production rate of HO2 with the reactivity of the mixture in the flow field can 
determine whether the local combustion is auto-ignition process. Therefore, the intermediate radical HO2 can be 
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used as a criterion of auto-ignition in the hydrogen/air combustion field. The CEM mainly occurs in the near-field 
region of supersonic transverse hydrogen jet combustion within Re(λe) ≫ 0 and Da ≫ 1. It can be found that the 
region with high HO2 produced is mainly consistent with the distribution region of CEM. 
 
Fig. 17 Distributions of combustion field and CEMA results on the central plane (z/D = 0), with dark stoichiometric line, 
for case J = 2.11. 
Furthermore, distributions of instantaneous combustion flow field in the near field of hydrogen injection are 
shown in Fig. 18, including the heat release rate, intermediate reaction radical H, intermediate reaction radical 
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bow shock, where the local temperature is very high due to the compression heating of the shock wave (see the 
distributions of density and temperature in Fig. 18). As the jet shear layer developed downstream, local extinction 
and re-ignition appear in the windward shear layer, which is consistent with the observations in the experiment 
by Gamba et al. [7]. In addition, combustion also appears in the recirculation zone upstream of the jet orifice, 





Fig. 18 Distributions of instantaneous combustion field in the near field of fuel jet on the central plane (z/D = 0), with 
dark stoichiometric line, for case J = 2.11. 
Figure 19 shows the CEMA result and the distribution of TFI for the corresponding positions in Fig. 18. The 
CEM Re(λe) > 0 is mainly in the recirculation zone, the windward side and leeward side shear layer close to the 
fuel jet. Combined the distribution of Da number in the CEM region, especially for the region in the recirculation 
zone and the foot of the bow shock, where Da number is much greater than 1. Therefore, it can be concluded that 




is much smaller than unit is a typical diffusion flame region [68]. The Da number in the windward shear layer 
regions, where the local extinction and re-ignition, as seen Fig. 18, is greater than 1, indicating that the mixing 
time scale here is much larger than the chemical reaction time scale. The chemical reaction in the re-ignition 
region is CEM and dominated by the mixing process, so the re-ignition is a process of auto-ignition. The 
contribution of radical H to the CEM in the chemical reaction is also shown in Fig. 19. The radical H contributes 
more than 0.5 to the combustible mixture of CEM in the foot of the bow shock. Large amounts of production of 
the intermediate radical H plays a crucial role on auto-ignition, further indicating that flame in the foot of bow 
shock is auto-ignition. Moreover, the distribution of TFI suggests that the combustion flame is mixing dominant 
in the near field of hydrogen injection. 
  
 
Fig. 19 The combustion field and CEMA results in the near field of fuel jet on the central plane (z/D = 0), with dark 
stoichiometric line, for case J = 2.11. 
Figure 20 shows the instantaneous combustion field including heat release rate, radical H mass fraction, 
radical OH mass fraction, and temperature on the plane of y/D = 0.25 near the bottom wall. The combustion flame 
near the wall of supersonic transverse jet combustion exhibits distributed like reaction zone regime, which is also 
clearly captured in the experiment of Gamba et al. [8,10]. The CMEA results and the distribution of TFI 
corresponding in Fig. 20 are shown in Fig. 21. It is observed that the CEM near the wall region is significantly 
changed due to the interaction between the reflected shock wave, fuel jet plume and boundary layers. Combustible 
mixtures along the horseshoe vortex region upstream of the shock/boundary layer recirculation zone are in CEM, 




field downstream (x/D > 16). The Da number is smaller than 1, indicating that the combustion in such region is 
mixing-dominated diffusion flame. It is further shown that the reflected shock wave interacting with the jet plume 
and the boundary layer can enhance the combustion with higher jet to cross-flow flux ratio. Combined with the 
distribution of the Da number, Re(λe) of CEMA results and TFI, it can be concluded that the flame near the field 
along the horseshoe region is a mixing dominated distributed reaction zone induced by auto-ignition. 
It should be noted that although the CEMA of jet to cross-flow flux ratio J = 4.00 has similar results with 
that of J = 2.11 as discussed above, there are still some differences between the results of CEMA. For instance, 
the upstream recirculation zone in the state of CEM (i.e. Re(λe) > 0) of J = 4.00 is larger that of J = 2.11, and the 
mixing dominated distributed reaction zone induced by auto-ignition for J = 4.00 is much broader than that for J 
= 2.11 in the near field along the horseshoe region. 
 
Fig. 20 The instantaneous combustion field in the plane of y/D = 0.25 near the wall, with dark stoichiometric line and 








Fig. 21 Distributions of the combustion field and CEMA results on the plane of y/D = 0.25, with dark stoichiometric line 
and color bar shown in Fig. 17, for case J = 2.11. 
2) Jet to cross-flow flux ratio J = 0.71 
Figure 22 shows distributions of the combustion field information, CEMA results and the TFI in the central 
plane (z/D = 0) for J = 0.71. The combustion flame appears in the shear layer downstream far field of the jet 
orifice, which can be seen with the heat release rate, H mass fraction and OH mass fraction in the central plane 
(y/D = 0). According to CEMA, the combustible mixture is in CEM and the Da number is much larger than 1 in 








Fig. 22 Distributions of the combustion field and CEMA results on the central plane (z/D = 0), with dark stoichiometric 
line and color bar shown in Fig. 17, for case J = 0.71. 
Similarly, the combustion near the wall is analysed for J = 0.71. Figs. 23 and 24 show the near wall 
distributions of combustion field, CEMA results and TFI, respectively (y/D = 0.25). No flame is observed on 
either side of the horseshoe in the near wall region, near the fuel jet orifice. The combustion flame occurs and 
anchors in the symmetrical recirculation zone region of 10 < x/D < 20 due to the interaction of reflected shock 
wave, the jet plume and the boundary layer. The flame is also mixing dominated in the view of TFI. It is 
noteworthy that intense heat release rate (HRR) occurs near the wall in the premix region, identified by the TFI 
being greater than zero. The flame shows similar to the jet lifting flame [10]. By comparing the distributions of 
the Da number and Re(λe) of CEMA results in the near wall, the flame stabilization mechanism in the supersonic 












Fig. 23 The instantaneous combustion field on the plane of y/D = 0.25 near the wall, with dark stoichiometric line and 












Fig. 24 The combustion field information and CEMA results on the plane of y/D = 0.25, with dark stoichiometric line 
and color bar shown in Fig. 17, for case J = 0.71. 
IV. Conclusion 
Large-eddy simulations combined with PaSR sub-grid combustion model have been performed to investigate 
mixing, combustion mode and flame stability in a high-enthalpy JISCF combustor. The present work is focused 
on the effects of J on the flame stability and combustion process of JISCF with an inlet ramp. Three levels of grid 
refinement are used to access the mesh sensitivity analysis. The numerical methods and mesh resolution are 
validated by comparison with the experimental data and by further analyzing various resolution criteria with the 
fine mesh. 
Due to existence of shock trains generated in the scramjet engine combustion chamber, the heat release rate 
after the shock wave is significantly increased, which indicates a strong coupling of shock waves and chemical 
reactions. The shock induced ignition is observed after the reflected shock wave for case J = 0.71. However, the 
shock induced ignitions happen toward around the jet orifice for cases J = 2.11 and 4.00, for which the bow shock 
wave and the recirculation zone upstream of the jet orifice contribute to auto-ignition and flame anchoring. The 
combustion mode analysis indicates that the combustion heat release is dominated by premixed combustion for 
the low jet to cross-flow momentum flux ratio, J = 0.71. While for the high jet to cross-flow momentum flux 
ratios, J = 2.11 and 4.00, the combustion heat release is dominated by non-premixed combustion.  
From the chemical explosive mode analysis, two main types of flame stabilization mechanism are identified, 
i.e. the shock induced high temperature auto-ignition for the low J (0.71) and the mixing dominated auto-ignition 
along the horseshoe vortex region and the upwind jet shear layer for high J (i.e. 2.11 and 4.00). In addition, flame 
along the horseshoe vortex region exhibits mixing dominated distributed reaction zones in the near field of jet 
orifice of J = 2.11 and 4.00, which are induced by auto-ignitions. The combustion in the recirculation zone formed 
by interactions between the reflected shock wave and boundary layer is mixing-dominated diffusion combustion. 
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